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A NOTE ON A CONJECTURE CONCERNING BOUNDARY
UNIQUENESS
ABTIN DAGHIGHI AND STEVEN G. KRANTZ
Abstract. We consider the following conjecture (from Huang, et al):
Let ∆+ denote the upper half disc in C and let γ = (−1, 1) (viewed
as an interval in the real axis in C). Assume that F is a holomorphic
function on ∆+ with continuous extension up to γ such that F maps γ
into {| Im z| ≤ C|Re z|}, for some positive C. If F vanishes to infinite
order at 0 then F vanishes identically.
We show that given the conditions of the conjecture, either F ≡ 0
or there is a sequence in ∆+, converging to 0, along which ImF/ReF
(defined where ReF 6= 0) is unbounded.
1. Introduction
The following is a result of Alinhac et al [1].
Theorem 1.1 (Alinhac et al [1], p.635). Let W ⊂ C be an open neighbor-
hood of 0, let W+ := W ∩ {Im ζ > 0}, and let A ⊂ Cn be a totally real
C2-smooth submanifold. Let F ∈ O(W+) and continuous up to the bound-
ary such that F maps W ∩{Im ζ = 0} into A. If F vanishes to infinite order
(definition treated in Section 2) at the origin then F vanishes identically in
the connected component of the origin in W+.
There is a related result due to Lakner [6] (where it is pointed out that
f(ζ) = exp(−eipi/4/√ζ) is holomorphic on W+ and extends C∞-smoothly
to W+, yet vanishes to infinite order at 0).
Theorem 1.2 (Lakner [6]). Let ∆ ⊂ C be the unit disc, let ∆+ := ∆ ∩
{Im ζ > 0}, and let A ⊂ C be a double cone with vertex at 0 in the sense
that A = {0} ∪ {ζ = reiθ, r ∈ R, θ ∈ [a, b]}, for real numbers a, b with
a − b < pi. Let F ∈ O(∆+) and continuous up to the boundary such that
F maps ∆ ∩ {Im ζ = 0} into A. If F |∆∩{Im ζ=0} has an isolated zero at 0
then F does not vanish to infinite order1 at 0. In particular, if F vanishes
to infinite order at 0, then there is a sequence in ∆∩{Im ζ = 0}, converging
to 0, and consisting of zeros of F.
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1Lakner [6] defines vanishing to infinite order at 0, by F (ζ) = O(ζk), for all k ∈ N.
1
2 ABTIN DAGHIGHI AND STEVEN G. KRANTZ
These results were followed up and refined see e.g. Baouendi & Roth-
schild [2], [3], and Huang et al [5]. We mention the following:
Theorem 1.3 (Baouendi & Rothschild [2]). If f(ζ) is a holomorphic function
in a domain of the upper half plane with 0 on the boundary, continuous up
to the boundary, vanishing to infinite order at 0, and Re f(x) ≥ 0 (with
x := Re ζ), then f must vanish identically.
Theorem 1.4 (Huang et al [5]). If f = u+ iv is holomorphic in H+ := {ζ ∈
C : Im ζ > 0}, and continuous up to (−1, 1) ⊂ ∂H+, such that |v(t)| ≤ |u(t)|
for t ∈ (−1, 1), and if f vanishes to infinite order at 0 (in the sense that
f(ζ) = O(|ζ|k), H+ ∋ ζ → 0, ∀k ∈ N), then f ≡ 0.
We also mention the following related result for harmonic functions.
Theorem 1.5 (Baouendi & Rothschild [3], Theorem 1, p.249). Let U ⊂ Rn
be an open neighborhood of x0 ∈ ∂B0(1), where B0(1) denotes the unit
ball centered at 0 in Euclidean space Rn. Let v be a harmonic function
in U ∩ B0(1) and continuous on U ∩B0(1) (where it is assumed that U ∩
B0(1) is connected). Assume that, for each positive integer N, the function
s 7→ |v(s)| / |s− x0|N is integrable on V = U ∩ ∂B0(1). Then there exists
a sequence of real numbers {aj}j∈N such that, for every positive integer N ,
the following holds2 true:
t(n−1)/2
1 + t
v(tx0) =
N∑
j=0
aj
(
1− t√
t
)2j+1
+O
(
(1− t)2N+3
)
, t→ 1−. (1.1)
Here the following definition is used.
Definition 1.6 (Baouendi & Rothschild [3]). Let U ⊂ Rn be a neighborhood
of some point x0 ∈ {x ∈ Rn : |x| = 1} and set Ω = U ∩B0(1). A continuous
function, v, is said to be vanishing to infinite order at x0 if
lim
Ω∋x→x0
v(x)
|x− x0|N
= 0 (1.2)
for all N > 0. The function v is said to vanish to infinite order in the normal
direction at x0 if
lim
(0,1)∋t→1
v(tx0)
|1− t|N = 0 (1.3)
It has been an open question whether it is possible to replace, in The-
orem 1.4, the inequality |v(t)| ≤ |u(t)| for t ∈ (−1, 1), by an inequality
of the form appearing in the Theorem of Lakner [6] (Theorem 1.2), i.e.,
|v(t)| ≤ C |u(t)| , for some C > 0. This was conjectured in Huang et al [5].
The purpose of this note is to investigate the conjecture.
2The original theorem also ensures that there exists a D ≥ 0 such that∣∣∣aj −
[
(−1)jMj/(nωn)
] (∫
V
v(s)/(|s− x0|
n+2j)
)
dσ(s)
∣∣∣ ≤ Dj+1, j ∈ N where Mj =
(1/j!)(n/2)(n/2 + 1) · · · (n/2 + j − 1), ωn is the volume of B, and dσ(s) is the surface
measure on ∂B0(1).
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Remark 1.7. Regarding the property of vanishing to infinite order, we point
out the following. Let ω ⊂ C be a domain and let f be a function continuous
on ω. Assume that f vanishes to infinite order at a point p ∈ ∂ω, in the
sense of Theorem 1.4, i.e., f(ζ) = O(|ζ − p|k), ω ∋ ζ → p, ∀k ∈ N. Note
that, for any p ∈ ω, we have (sufficiently near p), |f(ζ)| · |ζ − p|−(k+1) ≤
Ck+1 ⇒ |f(ζ)| · |ζ − p|−k ≤ Ck+1 |ζ − p|; thus, letting ζ → p, we see that
lim
ω∋ζ→p
f(ζ)
|ζ − p|k = 0, k ∈ N, (1.4)
(where the case k = 0 is due to the fact that |f(ζ)| ≤ C1 |ζ − p| → 0 as
ζ → p).
2. Statement and proof of our main result
Proposition 2.1 (Main result). Let ∆+ denote the upper half disc in C and
let γ = (−1, 1) (viewed as an interval on the real axis in C). Assume that
F is a holomorphic function on ∆+ with continuous extension up to γ, such
that F maps γ into {| Im ζ| ≤ C|Re ζ|}, for some positive C. If F vanishes to
infinite order at 0 (in the same sense as in Theorem 1.4) then, either there
is a sequence in ∆+, converging to 0, along which ImF/ReF (defined where
ReF 6= 0) is unbounded, or F vanishes identically.
Proof. Assume that there exists an F 6≡ 0, such that F satisfies all other
conditions in the statement of the proposition. (By the result of Huang et
al [5], we may suppose that 1 < C <∞.) Note that F vanishing to infinite
order at 0 implies that, for each j ∈ N, there is a Cj > 0 such that, near 0,
|F (ζ)| |ζ|−j ≤ Cj , which in turn implies that, near 0, we have
|ReF (ζ)|
|ζ|j ≤
|F (ζ)|
|ζ|j ≤ Cj. (2.1)
Thus the function ReF (and similarly ImF ) also vanishes to infinite order
at 0. The function ReF (ImF ) is harmonic on ∆+ and continuous up to
{y = 0} ∩∆ (where y = Im ζ).
The strategy of the proof is to show that Lakner’s cone condition (the require-
ment that F map γ into a double cone) can, under the additional condition
of vanishing to infinite order at the origin, be transported to an appropriate
open part of the the upper half disc.
In the following passage, let p0 = 0, denote our reference point, as we shall
perform a change of coordinates.
Remark 2.2. Let B̂ ⊂ ∆+, be a simply connected domain with boundary
∂B̂ ∋ p0, of class C0,α, for some α > 0. By the Riemann mapping theorem
(the homeomorphic extension to the boundary is well-known; see e.g., Taylor
[8], p.342; see also Greene & Krantz [4], p.389) there exists a biholomorphism
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Ψ2 : B̂ → ∆ which is C0,α up to the boundary. Similarly let Ψ1 : ∆+ → ∆
be a biholomorphic map (C0,α up to the boundary). For any two points
p1, p2 ∈ ∂∆, we can find a biholomorphic map Ψ3 : ∆ → ∆ (C0,α up to
the boundary) such that Ψ3(p1) = p2. Setting p1 = Ψ1(0) and p2 := Ψ2(p0)
we obtain a biholomorphism Ψ : ∆+ → B̂ (C0,α up to the boundary), such
that 0 = Ψ−1(p0), by defining Ψ := (Ψ
−1
2 ◦ Ψ3 ◦ Ψ1). Hence (F ◦ Ψ) ∈
O(∆+) ∩ C0,α(∆+).
Claim 2.3. Let B̂,Ψ be as in Remark 2.2. Let z be a holomorphic coordinate
centered at p0 = 0, and set Ψ
−1(z) =: ζ. Then, limζ→0(F ◦ Ψ)(ζ)/ζk =
0 , ∀k ∈ N.
Proof. Given the holomorphic coordinate z centered at p0, and Ψ
−1(z) =: ζ,
we have ζ = ζ(z), ζ(p0) = 0, and, by the infinite order vanishing of F, at
z = p0,
lim
z→p0
|F (z)|
|z − p0|j
= 0, ∀j ∈ N . (2.2)
Because Ψ is of class C0,α up to the boundary, and Ψ(0) = p0, we have, for
constants α > 0, c > 0, that |Ψ(ζ)− p0| ≤ c |ζ|α. Whence, for3 m := ⌈ 1α⌉,
and a constant c0 = c
m,
|Ψ(ζ)− p0|m ≤ c0 |ζ| . (2.3)
This implies that for any j ∈ N,
lim
ζ→0
|(F ◦Ψ)(ζ)|
|ζ|k = limζ→0
|F (Ψ(ζ))|
|Ψ(ζ)− p0|j
· |Ψ(ζ)− p0|
j
|ζ|k ≤(
lim
z→p0
|F (z)|
|z − p0|j
)
·
(
lim
ζ→0
|Ψ(ζ)− p0|j
|ζ|k
)
. (2.4)
Inserting j = m · k, in equation (2.4) we obtain, from equation (2.2) and
equation (2.3),
lim
ζ→0
|(F ◦Ψ)(ζ)|
|ζ|k ≤
(
lim
z→p0
|F (z)|
|z − p0|j
)
· lim
ζ→0
( |Ψ(ζ)− p0|m
|ζ|
)k
︸ ︷︷ ︸
≤ ck
0
= 0 . (2.5)
Hence we have verified that (the following limits as ζ → 0 exists),
limζ→0(F ◦ Ψ)(ζ)/ζk = 0, ∀ k ∈ N. This completes the proof of Claim
2.3. 
Lemma 2.4. Assume there exists a constant K > 0 together with a simply
connected domain B̂ ⊆ ∆+, with boundary ∂B̂ ∋ 0, of class C0,α, for some
α > 0, such that,
|ImF (p)| ≤ K |ReF (p)| , ∀p ∈ B̂. (2.6)
3Here ⌈ · ⌉ denotes the least upper integer.
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Then F ≡ 0.
Proof. Let K > 0, be a constant together with a simply connected domain
B̂ ⊆ ∆+, with C0,α boundary and 0 ∈ ∂B̂, such that inequality (2.6) holds
true. If F 6≡ 0, then, the open mapping theorem implies that,
F (p) 6= 0, ∀p ∈ B̂, (2.7)
indeed, by equation (2.6), the (necessarily open) image of the open B̂, under
F , does not contain an open neighborhood of 0. Applying the same argu-
ments of Remark 2.2 and Claim 2.3, we can find a biholomorphism Ψ : ∆+ →
B̂, which is C0,α up to the boundary, such that (F ◦Ψ) ∈ O(∆+)∩C0,α(∆+),
and such that (F ◦Ψ) vanishes to infinite order at 0. Now F ◦Ψ(∆+) ⊆ F (B̂).
Thus (F ◦Ψ) also has image contained in {|Im ζ| ≤ K |Re ζ|}, implying that
|Im(F ◦Ψ)| ≤ K |Re(F ◦Ψ)| on ∆+. This implies
((F ◦Ψ)(p) 6= 0)⇒ (Re(F ◦Ψ)(p) 6= 0), ∀p ∈ ∆+. (2.8)
Hence, Re(F ◦Ψ) is a harmonic function on ∆+, continuous up to the bound-
ary, vanishing to infinite order at 0 (by Claim 2.3 together with equation
(2.1)), and nowhere zero on ∆+. Hence Re(F ◦ Ψ) is either nonpositive
or nonnegative, on ∆+. If Re(F ◦ Ψ) is nonnegative on ∆+, then applica-
tion of Theorem 1.3 gives Re(F ◦ Ψ) ≡ 0. This implies (F ◦ Ψ) ≡constant
(by the open mapping theorem) thus by continuity (F ◦ Ψ) ≡ 0. If instead,
Re(F ◦Ψ) is nonpositive on ∆+, we can obtain the same conclusion, by re-
placing Re(F ◦ Ψ) by (the necessarily harmonic function) −Re(F ◦ Ψ). In
any case (F ◦ Ψ) ≡ 0 implies that F vanishes on the open set Ψ(∆+), thus
F ≡ 0. 
Observation 2.5. F 6≡ 0, implies that {p ∈ ∆+ : ReF (p) 6= 0} is nonempty,
open, and dense (since the zero set {ReF = 0} then has empty interior). In
fact we also have {ReF |γ 6= 0} ⊂ γ is a relatively open, dense subset because
the condition |ImF (p)| ≤ C |ReF (p)| , ∀p ∈ γ implies that {ReF |γ = 0} has
empty (relative) interior4 in γ, when F 6≡ 0.
Claim 2.6. If F 6≡ 0, then, either there is a simply connected subdomain, B̂,
of ∆+, with C0,α boundary passing through 0, which satisfies the conditions
of Lemma 2.4 or there is a sequence in ∆+, converging to 0, along which
ImF/ReF (defined where ReF 6= 0) is unbounded.
Proof. Assume equation (2.6) fails for every simply connected subdomain,
B̂, of ∆+, with C0,α boundary passing through 0. It is then obvious that
for any increasing sequence {Kj}j∈Z+ , of integers, B̂, contains a sequence,
{pj}j∈Z+ , such that,
|ImF (pj)| > Kj |ReF (pj)| . (2.9)
Furthermore, the inequality being strict implies that equation (2.9) remains
valid on an open neighborhood, Uj , of pj. If Uj ⊂ {ReF = 0}, then ReF ≡ 0,
4For example it follows from the Luzin-Privalov theorem [7].
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so F is constant, and by continuity F ≡ 0 in which case equation (2.6) holds
trivially, thus the conditions of Lemma 2.4 are satisfied for any appropri-
ate B̂. So we can assume Uj ∩ {ReF 6= 0} 6= ∅, for all j ∈ Z+, in which
case we replace pj with a possibly different, point (which, after renaming, in
order to retain our notation) again is denoted pj, satisfying equation (2.9)
and such that ReF (pj) 6= 0 (note that automatically also ImF (pj) 6= 0).
Now this can be repeated after replacing B̂, by B̂k, defined as a simply
connected component of the interior of the connected component of 0, in
B̂ ∩ {|Im z| ≤ 1k , |Re z| ≤ 1k} . Thus we can pick a diagonal sequence, again
denoted {pj}j∈Z+ , such that dist(pj , 0)→ 0.
By Observation 2.5, the set ω := {ReF 6= 0}, is nonempty, contains a
dense open subset of ∆+, and contains a relatively open, relatively dense
subset of γ. The continuous function g(z) := |ImF (z)| / |ReF (z)| , z ∈
γ ∩ ω, has a continuous extension to ω, which we shall denote by G(z) :=
|ImF (z)| / |ReF (z)| , z ∈ ω. By what we have already done, we know that,
choosing Kj = j, we obtain that, G(pj) is unbounded along pj and pj →∞,
so we are done. On the other hand, assume no such sequence exists. Then
by what we have done, we can conclude that the assumption that equation
(2.6) fails for all possible choices of B̂, is false. This completes the proof of
Claim 2.6. 
Lemma 2.4 together with Claim 2.6 complete the proof of Proposition
2.1. 
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